We systematically investigate the finite-size effects in non-Hermitian one-dimensional (1D) Su-Schrieffer-Heeger (SSH) and two-dimensional (2D) Chern insulator models. Using a combination of analytical and numerical calculations, we show that the non-Hermitian intra-cell hoppings in the SSH model can modify the localization lengths of bulk and end states, giving rise to a complex finite-size energy gap that exhibits an oscillating exponential decay as the chain length grows. However, the imaginary staggered on-site potentials in the SSH model only change the end-state energy, leaving the localization lengths of the system unchanged. In this case, the finite-size energy gap can undergo a transition from real values to imaginary values. We observed similar phenomena for the finite-size effect in 2D Chern insulator systems. arXiv:1901.06820v1 [cond-mat.mes-hall] 
I. INTRODUCTION
In conventional quantum mechanics, physical observations are represented by Hermitian operators whose eigenvalues are always real. Nevertheless, in open quantum systems that exchange energy and/or matter with their environments, non-Hermitian operators are proved to be particularly useful [1] [2] [3] [4] . The Hamiltonian operators of these systems are non-Hermitian. Their energy eigenvalues could be complex, and the imaginary part is also related to experimentally observable quantities 5, 6 . Over the past decades, remarkable theoretical and experimental progresses have been achieved in various non-Hermitian systems, such as open quantum systems 7-10 , optical systems with gain and loss [11] [12] [13] [14] [15] [16] , and interacting 17, 18 or disordered [19] [20] [21] [22] [23] systems.
At the mean time, the study of topological phases of quantum matter [24] [25] [26] [27] , such as topological insulators [28] [29] [30] [31] , topological superconductors [32] [33] [34] , and topological semimetals 35 , has become one of the major fields in condensed matter physics. A hallmark of these topological phases is the symmetry-protected topological gapless boundary states, which have attracted enormous attention because of their exotic properties and potential applications in electronic devices.
Very recently, the aforementioned two fields-non-Hermitian systems and symmetry-protected topological phases-start to merge together 36, 37 .
Dissipative topological transitions 38 and topologically protected boundary states [39] [40] [41] have been confirmed experimentally in non-Hermitian optical systems. Meanwhile, non-Hermitian physics has been intensively investigated in other topological systems, such as topological insulators [42] [43] [44] [45] [46] , Weyl semimetals [47] [48] [49] and line-node semimetals 50, 51 . The interplay between non-Hermiticity and topology produces interesting phenomena which are absent in Hermitian topological systems, such as the break- * binzhou@hubu.edu.cn † donghuixu@hubu.edu.cn down of the bulk-boundary correspondence [52] [53] [54] [55] [56] [57] [58] , the emergence of anomalous edge states 59 , the anomalous localization of bulk states 60 , as well as the deviation of the Hall conductance from its quantized value in non-Hermitian Chern insulators 61, 62 . Currently, most of the studies are concentrated on infinite or semi-infinite systems. However, it is essential to study the case of a finite chain or strip geometry which is used in experiments.
In this work, we study the finite-size effect in non-Hermitian topologically gapped systems. The finite-size effect had been well theoretically and experimentally studied in Hermitian topological systems, such as topological insulators [63] [64] [65] [66] [67] [68] [69] [70] and semimetals [71] [72] [73] [74] [75] [76] [77] [78] [79] . A common feature in these systems is that the energy gap opened by the hybridization of gapless boundary states instead of symmetry breaking could exhibit a monotonic or an oscillating exponential decay with increasing the system size. In order to monitor how the non-Hermiticity affects the finite-size effect in topological systems, by combining numerical and analytical methods, we investigate the finite-size effect in one-dimensional (1D) Su-Schrieffer-Heeger (SSH) and two-dimensional (2D) Chern insulator models subjected to various non-Hermitian terms.
For a finite Hermitian SSH chain with open boundaries, the finite-size energy gap displays a purely exponential decay as the system size increases. We found that the non-Hermiticity has significant influences on the finite-size effect in the SSH model. The non-Hermitian intra-cell hopping terms that respect chiral symmetry can modify the localization lengths of the end and/or bulk states, giving rise to a complex finite-size energy gap which exhibits an oscillating exponential decay as the chain length grows. However, the non-Hermitian staggered on-site potentials that break chiral symmetry only change the end-state energy, leaving the localization lengths of the system unchanged. In this case, the finitesize energy gap undergoes a transition from real values to imaginary values. We also study the finite-size effect in a 2D Chern insulator model and found similar phenomena as in the 1D SSH model. This paper is organized as follows: In Sec. II, we introduce a model Hamiltonian describing the non-Hermitian The dashed box encloses a unit cell that contains two sublattices marked by red and green filled circles. The blue arrowed lines identify the inter-cell hoppings, and the hopping strengths are fixed as t2 = 1. The cyan arrowed lines correspond to the intra-cell hoppings, and the hopping strengths are (a) t1, (b) t1 + iγx, (c) t1 ± γy, and (d) t1, respectively. Here, the non-Hermiticity is manifested by (b) non-conjugated intra-cell hoppings, (c) unequal intra-cell hoppings, and (d) imaginary staggered on-site potentials ±iγz. SSH model and perform analytical studies on the finitesize effect. Then, we present both the numerical and analytical results of the finite-size effect in Sec. III. In Sec. IV, we mainly study the finite-size effect in a 2D non-Hermitian Chern insulator model. Finally, a brief summary is presented in Sec. V.
II. NON-HERMITIAN SSH MODEL
We start with a non-Hermitian SSH model defined on 1D dimer chain consisting of two sublattices as depicted in Fig. 1 . The realization of non-Hermitian SSH models has been reported in a series of experiments recently 6, 38, 39, 80, 81 . The Bloch Hamiltonian of the non-Hermitian SSH model is given by
where H SSH (k) = d x σ x + d y σ y is the conventional Hermitian SSH model [ Fig. 1 (a)] with d x = t 1 + t 2 cos k, d y = t 2 sin k. σ i 's are the Pauli matrices acting on the sublattice subspace. t 1 and t 2 describe the intra-cell and inter-cell hopping strengths, respectively. We fix t 2 = 1 in the following calculations unless otherwise noted. The eigenvalues of the Hamiltonian (1) can be written as
This non-Hermtian SSH model still respects chiral symmetry σ z H (k) σ z = −H (k) as long as γ z = 0. Much efforts have been devoted to developing proper topological invariants to restore the bulk-boundary correspondence in the non-Hermitian SSH model, such as the Z invariant in terms of the complex Berry phase 46 , the biorthogonal polarization P 58 , and the non-Bloch winding number W 42 . When γ x,y = 0, γ z = 0, chiral symmetry in the SSH model is broken, but it possesses P T symmetry with σ x H (k) σ x = H (k) * 46,58 . Actually, the P T symmetric non-Hermtian SSH model has been realized in recent experiments based on coupled optical waveguides 6, 38, 39, 81 , and its topological properties have also been studied by researchers 46, 58 . Moreover, in the parameter space, P T symmetric models have two regions referred to as the unbroken and broken phases: the former one is characterized by a fully real spectrum, and the eigenfunctions of the Hamiltonian are also eigenfunctions of the P T operator, while the latter one possesses complex energies and the corresponding eigenfunctions of the Hamiltonian are not eigenfunctions of the P T operator. 3, 4 
A. Semi-infinite chains
Considering a semi-infinite non-Hermitian SSH chain with a left boundary, the Schrödinger equation is given by
where H L is the corresponding tight-binding Hamilto-
, and Ψ A/B,i are the wave function amplitudes on sublattices A and B of the ith lattice site.
To solve the Schrödinger equation, we take the ansatz
42,64,82-84 , where the quantity ρ L is a complex number. With this, Eq. (2) can be reduced to the following two equations:
By solving the two equations, we can obtain the energy E e L , ρ e L and Ψ e,L 0 for the end state at the left boundary
We can see that Ψ e,L B component is vanishing for the end state. In addition, we can obtain ρ b L for the bulk states
The detailed formulas of energies and wave functions of bulk states are omitted since they are complicated and not important in this work.
In a similar way we can solve the Schrödinger equation for a semi-infinite non-Hermitian SSH chain with the endpoint located at the right side. The energy E e R , ρ e,b R , and Ψ e,R 0 for the end state are found as follows
From Eqs. (4) and (6), we can clearly see that the non-Hermitian term γ z only modifies the end-state energy E e L,R , while γ x and γ y affect ρ e,b L,R . Since the absolute values of ρ e,b L,R are related to the localization lengths of the end and bulk states, adding γ x and γ y will adjust the localization lengths of the system. The smaller ρ e L,R and ρ b L are, the more localized the wave functions of the edge and bulk states become. In contrast with the Hermitian case, the localization lengths for the end states at the left and right boundaries are not equivalent anymore in the presence of γ y .
It is worthy of noting that the appearance of the topological end states requires ρ e L(R) < ρ b L(R) 42 . For γ x = 0 and γ y = γ z = 0, the end state would appear when
x is satisfied. For γ y = 0 and γ x = γ z = 0, the end state appears when
In the case of γ z = 0 and γ x = γ y = 0, comparing with the Hermitian case, the localization lengths remain unchanged and the end state appears when |t 1 | < |t 2 |.
B. Finite-size chain
Let us now consider a finite non-Hermitian SSH chain with length n, and then the Schrödinger equation becomes
where H F n is a 2n × 2n square matrix. We denote the determinant of the secular equation as F (n) = H F n − E , and F satisfies the following recursion relation
Note that the initial values are
By solving F (n) = 0 and expanding at E = 0, we obtain the desired formula for the end-state energy as follows
The corresponding wave function can be written as a superposition of the two end states at the left and right boundaries
where C 1,2 are normalization constants.
III. RESULTS
In this section, we investigate the finite-size effect in the non-Hermitian SSH system by combining numerical calculations and analytical results obtained in the previous section. Before continuing to study the finite-size effect in the non-Hermitian SSH model, we first give the results of the finite-size effect for the Hermitian case.
A. Hermitian case
The Hermitian SSH model [ Fig. 1(a) ] is perhaps the simplest model to realize topologically protected boundary states. To study the finite-size effect in the Hermitian SSH model, we set γ x = γ y = γ z = 0. The localization lengths of the two end states are determined by ρ e L,R = t 1 /t 2 . The localization lengths of the bulk states are ρ b L,R = 1, which implies that bulk states are the conventional Bloch waves. Figure 2 (c) shows the localization lengths as a function of t 1 . From Eq. (9), we get the finite-size energy gap in the Hermitian system
We can see that the finite-size energy is directly related to the localization lengths of the end states. Figure 3 displays the finite-size energy gap obtained by analytical and numerical calculations as a function of n for different t 1 . For a given chain length, a larger |t 1 | will give larger ρ e L,R , and thus the wave functions of the end states become more delocalized, which in turn increases the finitesize energy gap. It is found that ∆E decays exponentially with increasing n, and the decay rate differs for different t 1 . Figure 2 (a) illustrates the numerically calculated energy spectra as a function of the intra-cell hopping strength t 1 for the chain lengths n = 5 and n = 100. It is clear that the system can open a sizable gap for a small size n. In Fig. 2(b) , we further plot the finite-size energy gap ∆E in the space spanned by the parameters t 1 and n.
B. Non-Hermitian case of γx = 0, γy = γz = 0
Now we investigate the finite-size effect in the non-Hermitian SSH system with only the non-conjuated intra-cell hopping γ x [ Fig. 1(b) ]. In this case, ρ e L,R = ± (t 1 + iγ x ) /t 2 , and thus, the localization lengths of end states determined by ρ e L,R = t 2 1 + γ 2 x /t 2 increase due to the existence of γ x , while ρ b L,R keep unchanged. Because of this, the region for end states becomes narrow in the presence of γ x as shown in Fig. 4(c) . The interference pattern of the end-state wave function in Eq. (10) varies, and the finite-size energy gap ∆E turns to be
The finite-size energy gap becomes complex due to γ x . As shown in Fig. 5 , both the real and imaginary parts of ∆E exhibit an oscillating exponential decay with increasing the chain length. This is distinct from the Hermitian case where the finite-size energy gap is real and shows a monotonic-exponential decay as the chain length increases. The consistency of the numerical and analytical calculations demonstrates reliability of the obtained results. In Fig. 4(a) , we sketch the absolute value of the numerical eigenenergies as a function of the intra-cell hopping strength t 1 for the chain lengths n = 5 and n = 100 when γ x = 0.5, γ y = γ z = 0. The absolute value of the finitesize energy gap |∆E| is plotted in the parameter space formed by t 1 and n as shown in Fig. 4(b) . We can see that the results are found quite similar to those in the Hermitian case in Sec. III A except that the region for end states is narrower and the finite-size energy gap can even appear at t 1 = 0.
At last, we would like to point out that, although there exits the non-Hermitian term γ x , the bulk states are still captured by the conventional Bloch waves since ρ b L,R = 1, which implies the skin effect 42 is absent in this case. Here we investigate the finite-size effect in the SSH model with unequal intra-cell hoppings γ y [see Fig. 1(c) ]. We found that γ y modifies the end-state localization lengths to be ρ e L,R = |(±t 1 − γ y ) /t 2 |, which indicates that the left and right end states are most localized at t 1 = γ y and t 1 = −γ y , respectively. Interestingly, γ y causes an asymmetry in ρ L,R for both the end 
this indicates that the bulk states are localized at the left boundary. When t 1 < 0, the bulk states are localized at the right boundary as ρ b L > 1 and ρ b R < 1. This is called the anomalous localization of the bulk states in non-Hermitian SSH systems 42 . The two end states are separately located at the two opposite sides when ρ e L,R < 1 < ρ b L,R , both located at the left side when 1 < |ρ e L | < ρ b L , and both located at the right side when 1 < |ρ e R | < ρ b R . 42 The finite-size energy gap is given by which implies an oscillating exponential decay when |t 1 | < |γ y | and a monotonic exponential decay when |t 1 | > |γ y |. In Fig. 6(a) , we plot the absolute value of numerical eigenvalues as a function of t 1 for n = 5 and n = 100. The absolute value of the finite-size energy gap |∆E| in the parameter space spanned by t 1 and n is shown in Fig. 6(b) . When the chain is short, |∆E| shows a local maximum value at t 1 = 0. This is different from the Hermitian case and the non-Hermitian case with only γ x term, in which |∆E| is smallest at t 1 = 0 for a short chain. The reason is that, due to γ y , the minimum of the localization lengths of the end states deviates from t 1 = 0 and splits into two minima as shown in Fig. 6(c) . Figure 7 displays the finite-size energy gap as a function of the chain length n. Upon increasing n, both the real and imaginary parts of the finite-size energy gap ∆E show an oscillating exponential decay when γ y > t 1 = 0.3 [see Fig. 7(a) ] and ∆E can be fully real or imaginary depending on whether n is even or odd number. When t 1 = 0.7 > γ y , the gap is fully real, and the oscillation disappears [see Fig. 7(b) ].
D. Non-Hermitian case of γz = 0, γx = γy = 0
In this subsection, we consider the SSH model with an imaginary staggered on-site potential γ z . As pointed out in Section II, γ z breaks chiral symmetry but not P T symmetry. From the analytical results, we find that the γ z has no influence on ρ e,b L,R , which means that the localization lengths of the system remain unchanged. However, the finite-size energy gap becomes
When n is small, for t s < |t 1 | < t 2 (t s determined by a transcendental equation t 2 2 − t 2 s 2 (t s /t 2 ) 2n = t 2 2 γ 2 z ), the number within the square root of Eq. (14) is positive, and therefore ∆E is purely real. However, for |t 1 | < t s < t 2 , the number within the square root becomes negative, so ∆E is purely imaginary. When n is large enough, for finite γ z , the number within the square root of Eq. (14) is negative since (−ρ e L ρ e R ) n tends to be zero, and thus ∆E becomes a purely imaginary number 2iγ z which is independent of t 1 .
In Figs. 8(a-b) , we separately sketch the real and imaginary parts of the energy spectra as a function of t 1 for n = 5 and n = 100. These results are in good consistent with the previous analysis based on Eq. (14) . Figure 8(c) illustrates the real and imaginary parts of the finite-size energy gap obtained by the analytical and numerical calculations as a function of the chain length n for t 1 = 0.7. We can see that the finite-size energy gap goes though a transition from real values to imaginary values.
IV. NON-HERMITIAN CHERN INSULATOR MODEL
In this section, we study the finite-size effect in 2D non-Hermitian topological systems. As a concrete example, we consider the following Chern insulator model Hamiltonian 85
where k 2 = k 2
x +k 2 y , A, M, B are model parameters, σ x,y,z are the Pauli matrices acting on the spin or orbital space. The non-Hermitian Hamiltonian is expressed as H γ = i (γ x σ x + γ y σ y + γ z σ z ). Then the total Hamiltonian of the non-Hermitian Chern insulator model is H = H CI + H γ .
To get the information about the localization length and energy spectrum, following from Ref. 63 , we solve the non-Hermitian Chern insulator model H in a finite strip geometry of the width L with a periodic boundary condition along the x direction and an open boundary condition along the y direction. k x is still a good quantum number, while k y is replaced by using the Peierls substitution, k y = −i∂ y . In the analytical calculations, we ignore γ y for simplicity. We can rewrite H as
For a strip geometry with the boundary conditions Φ (k x , y = ±L/2) = 0, the spectrum is given by solving the following equation 63 :
where
The corresponding wave function distribution has the form Φ = η,i C η,i
Here |λ 1,2 | determine the localization lengths of the edge states in the Chern insulator model, which play the same roles as ρ e L,R in the 1D SSH model. In the large L limit near k x = 0, we have
Therefore the edge-state energy can be modified by γ x and λ 1,2 can be affected by both γ x and γ z .
Since the finite-size effect in the Hermitian Chern insulator model has been well studied in the literature 63 , we just review the main results. By expanding Eq. (17) at k x = 0 for E = 0 and assuming Re (λ 1 )
Re (λ 2 ), the finite-size energy gap as a function of the strip width L is given as 63, 86 
For A 2 > 4BM , λ 2 is a real number, and the finite-size energy gap ∆E is found to exhibit a monotonic exponential decay with increasing system size, while for the case of A 2 < 4BM , λ 2 = A/2B + i √ 4BM − A 2 /2B becomes a complex number, and ∆E exhibits an oscillating exponential decay.
In the following calculations, we will consider the case of A 2 > 4BM and choose A = B = 1 and M = 0.1. For the non-Hermitian Chern insulator model, it is also found that the gap always open at k x = 0. Therefore, we will concentrate on the point k x = 0.
It is worth noting that, for k x = 0, the non-Hermitian Chern insulator model becomes another version of non-Hermitian SSH model. Here we investigate the finite-size effect in the non-Hermitian Chern insulator model with only γ x term, and set γ y = γ z = 0. Figure 9 illustrates the real and imaginary parts of the finite-size energy gap ∆E as a function of the strip width L for γ x = 0.05. Upon increasing L, the finite-size energy gap decreases from a purely real number to zero, at a certain L the imaginary part is developed and reaches a constant value 2γ x as indicated by Eq. (18) . The result is quite similar to that in the non-Hermitian SSH model with only γ z [Sec. III D] since in this case, for k x = 0, the non-Hermitian Chern insulator model is equivalent to the non-Hermtian SSH model with P T symmetry. Now we study the non-Hermitian case of γ y , and set γ x = γ z = 0. In Fig. 10(a) , we plot the real and imaginary parts of the finite-size energy gap ∆E as a function of the strip width L. For γ y = 0.1, the edge states are purely real, and ∆E decays exponentially with L. However, for a larger γ y = 0.2, upon increasing strip width, ∆E shows an oscillating exponential decay and alternates between real and imaginary values. |∆E| in the γ y -L parameter space obtained by numerical simulations are shown in Fig. 10(b) , from which we can clearly see the oscillatory pattern of |∆E| for lager γ y . The results are also similar to to those in the non-Hermitian SSH model with γ y [Sec. III C] because in this case, for k x = 0, the non-Hermitian Chern insulator model is equivalent to the non-Hermitian SSH model with chiral symmetry.
C. Non-Hermitian case of γz = 0, γx = γy = 0
In the last subsection, we consider the non-Hermitian Chern insulator model with only γ z . Figure 11(a) shows the real and imaginary parts of the finite-size energy gap varying as a function of the strip width L for γ z = 0.05.
We can see that both the real and imaginary parts show an oscillating exponential decay. The real and imaginary parts of the gap Re (∆E) and Im (∆E) in the γ y -L parameter space are shown in Figs. 11(b-c) .
Using the same method as in Eq. (19) , we obtain ∆E = 4A (M + iγ z )
where λ 2 = 2A − √ 2T /4B + i √ 2γ z /T and T = A 4 − 4BM + (A 2 − 4BM ) 2 + 16B 2 γ 2 z . The gap is found to be a complex value, and its real and imaginary parts are given by 
with θ = bL + θ 0 , and θ 0 = arg A 2 − 4B (M + iγ z ) . By calculating Re ∆E = 0 and Im ∆E = 0, we obtain
where N = 1, 2, · · · , and L Re,Im correspond to the widths where the real and imaginary parts of the edge-state energy are zero. Figures 11(b-c) demonstrate that the nu-merical results are in good agreement with the analytical results. Therefore we conclude that the non-Hermitian term γ z introduces an imaginary part to λ 2 , adjusting the localization lengths of the system. The value of the finite-size energy gap becomes complex and exhibits an oscillating exponential decay with increasing L [Fig. 11 ]. This result is also similar to that in the chiral SSH model with only γ x [Sec. III B].
V. CONCLUSION
To conclude, we investigated the finite-size effect in the non-Hermitian 1D SSH model. We have shown that the non-Hermitian hopping terms γ x and γ y that respect chiral symmetry can modify the end-state localization and cause a complex finite-size energy gap that exhibits an oscillating exponential decay with increasing the chain length. However, the imaginary staggered on-site potential that breaks chiral symmetry can produce a finite-size energy gap transition from real values to imaginary values. In addition, we also studied the finite-size effect in a 2D non-Hermitian Chern insulator model and found the similar behaviors as those in the 1D non-Hermitian SSH model.
